We calculate high-temperature graph expansions for the Ising spin glass model with 4 symmetric random distribution functions for its nearest neighbor interaction constants J ij . Series for the 
Introduction
In 1975 Edwards and Anderson (EA) [1] introduced a model for the theoretical study of spin glasses (SG) [2, 3] , which has started modern spin glass theory and has been of continued interest until today.
Here we discuss the classical Ising case: The magnetic moments are represented by 'spin' variables {s i , i = 1, 2, . . . , N }, which can assume the values s i = ±1 and are located on the sites {i} of the ddimensional hyper-cubic lattice. During our calculations we use a finite number of lattice sites N but eventually we are interested in the thermodynamic limit, N → ∞. The spins' interaction is governed by the Hamiltonian
where ij denotes the sum over all pairs of nearest neighbor lattice sites ij , which we also call the lattice bonds, and the spin interaction constants J ij are chosen at random from a symmetric probability distribution, which is the same for all bonds. The external magnetic field h 0 is needed to define thermodynamic quantities as derivatives with respect to it, but apart from that, we concentrate on the case h 0 = 0. The Hamiltonian's index {J ij } indicates that we deal with quenched disorder, i.e. the thermodynamic average for any observable is performed for a fixed set of coupling constants {J ij }. The configurational average of measurable thermodynamic quantities, over the random variables, is performed subsequently. For self averaging quantities this leads to expressions of what could be measured in experiments. We denote the thermodynamic average of any observable A({s i }) by A T , and the configurational average of any function X({J ij }) by [X] R .
The EA model neglects the details of the microscopic interaction between the spins, but exhibits the two essential ingredients that lead to the interesting features of spin glasses: Quenched disorder and frustration. Since little has been proved exactly for short ranged spin glass models, we assume what today is generally accepted, based on analytical and numerical evidence: Above the system's lower critical dimension d l , whose value is controversial but agreed to be between 2 and 3 [4, 5] , it undergoes a continuous transition at a non-zero critical temperature T c to a low temperature spin glass phase. This phase is characterized by broken spin-flip symmetry, i.e. a non-zero Edwards-Anderson order parameter
The upper critical dimension, above which mean field behavior becomes dominant, is believed to be d u = 6 [6, 7] .
As the temperature T approaches T c from above, we expect the susceptibility associated with q EA , the Edwards-Anderson susceptibility,
to exhibit a power law divergence, χ EA ∼ (T c − T ) −γ , characterized by the critical exponent γ. In the present study we use series expansions to investigate this behavior. Both q EA and χ EA are related to configurational averages of higher order logarithmic derivatives of the partition function −
with respect to the external magnetic field. Those relations become linear in the thermodynamic limit [8] .
The renormalization group theory [9] in dimension d = 6 − ε predicts the universality of γ and of other exponents, related to it by scaling relations. The universality classes should be set by the dimensionalities of space and of the spin variables, and not by details of the distribution functions.
Series expansion has been used in the past to study the spin glass transition [8, [10] [11] [12] [13] and the results support the statements mentioned above. Our renewed interest in the problem awoke with a series of studies [14] [15] [16] [17] [18] [19] [20] that found, based on computer simulations, that the critical exponents vary with the probability distribution for the quenched disorder in the coupling constants J ij . This is in clear violation of universality and not sufficiently explained by theory.
Undoubtedly, many of the enormous complications and features observed in the study of spin glasses arise from the disorder inherent in these systems. They gave the model the reputation of being one of the toughest subjects in computational physics. Simulations are here directly impacted by long relaxation times, memory effects, hysteresis, the rugged energy landscape with many meta-stable states and the huge parameter space over which to average.
The technique of series expansion comes with two immediate advantages: The averaging over the randomness can be done exactly, and the series can, given the availability of graph data, be obtained in general dimension. The subsequent analysis is still done in each dimension separately, but results generally get more reliable with increasing dimension, while simulations become increasingly expensive in their computational demands. The previous series expansion studies of the Ising spin glass used only the bimodal random distribution of J ij = ±J, limiting their use in the comparison with the claims of violated universality. In the present study we extend the research by addressing several other symmetric distribution functions, each with a variable width determined by the parameter J. We use the same distributions as Bernardi and Campbell in [15] , except for the exponential distribution, which is excluded for reasons given in Sec. 6. After introducing additional notations and the random distribution functions in Sec. 2, we give a detailed explanation of the series generation in Secs. 3 and 4, which should allow the interested reader to follow each step. As an example, we actually show the complete calculation of a fourth order series in Sec. 5 . In Sec. 6 we present our general-dimension series in full, accompanied by some discussion of accuracy checks. Our series analysis and final results are described in Sec. 7 and we finish with our conclusions in Sec. 8.
Further Notations and Definitions
With β = 1 k B T , where k B denotes Boltzmann's constant and T the absolute temperature, the ensemble average of an observable A is calculated by
where the partition function Z appears in the denominator. Here the trace (Tr) is a shorthand for summing over all possible values of the spins' {s i } configuration Tr X = Tr
The free energy per site F is obtained from Z by
Since the interaction constants J ij appear only in products with β, it is convenient to use κ ij = βJ ij as the argument of the distribution functions introduced below. If J 2 is some measure of [J 2 ij ] R , then we also use κ = βJ as expansion variable, at least temporarily. Since only even powers of κ remain, we eventually use x = κ 2 as the expansion variable in our high temperature series. Likewise we use
In the general case of a continuous probability distribution P (x), the configurational average is the nested integral
For the bimodal random distribution the coupling constants κ ij for nearest neighbor pairs randomly assume only values of either +κ or −κ, so the latter integral can be written as the nested sum
where a normalization factor of 1/2 stems from each κ ij in the sum. In the d-dimensional hyper-cubic lattice with N sites the number of nearest neighbor pairs approaches N d for large N when boundary effects become negligible.
Near the critical temperature T c , the quantity of our interest, χ EA , is expected to have a singularity of the form
The aim of our analysis is to determine the critical exponent γ and, to a lesser extent, the first correction exponent ∆ 1 . As for the free energy, we study this susceptibility per lattice site.
The Random Distributions
The different probability distributions, that we study, are listed below. We call them Bimodal, Gaussian, Uniform and Double-Triangular.
• The distributions are largely characterized by their moments
• Since all distributions have the symmetry P (−z) = P (z), the moments for odd n vanish. In particular, the distributions have zero mean
• For even n the moments are: Uniform distribution: κ n /(n + 1)
• Thus all the distributions are normalized
• A distribution's second moment M 2 = ∞ −∞ z 2 P (z) dz, equal to the variance, is commonly associated with its width. In all cases it is linear in κ 2 , but with different pre-factors. Explicitly, M 2 is equal to κ 2 (Bimodal), κ 2 (Gaussian), κ 2 /3 (Uniform), and κ 2 /2 (Double-Triangular), respectively. With slightly redefined variables, M 2 could be equal to κ 2 in all cases, which, in retrospective, would have been nicer.
• Figure 1 illustrates the distribution functions. The plots were calculated for the parameter κ = 5.
Tangential Moments
In the calculation of the series we encounter the following integrals over the distributions
We sometimes refer to m n as the n-th tangential moment of the distribution, in order to distinguish it from the regular moment (14) . For a series to power κ 2N we need all moments up to m N (not 2N as we will see later). For the bimodal distribution the tangential moments are trivial:
The simple form m 2n = tanh 2n κ = w n makes w ≡ tanh 2 (κ) an alternative (and convenient) expansion variable for this case, which has been used in the past [8, 10] . This, however, is not true for the other distributions. For them it may be possible to calculate the m n analytically, as well. But the results may be complicated functions of the parameter κ, not suitable for our power series expansion. Hence we are content to calculate the necessary moments m n of all distributions as series in κ. To avoid the tedious work, this can conveniently be done with software for symbolic computation, such as Mathematica.
The obtained coefficients are later used in the graph expansion, both for the computerized calculation and for the example in this article. The symmetry of the distributions makes all moments for odd n vanish. Due to the power series of tanh n κ, each moment m n has only powers of κ n and higher, somewhat important during cumulant subtraction. Note that in the framework of series expansions, this is an exact treatment of the randomness. We do not lose any additional information since a priori we are limited to the highest order of our final series.
As an illustration, we show the expansion of the first few moments for the bimodal and for the Gaussian distributions, to be used in the example below. 
Bimodal Tangential Moments
m 0 = 1 ,(16)
Connected Graph Expansion and Cumulant Subtraction
An extensive physical quantity X c an be expanded in terms of connected graphs only [21] . To order n in a suitable expansion variable, say x, all connected graphs with n or less edges are used,
Here Γ b denotes the set of all connected graphs Γ with b edges, w(Γ) is the lattice constant for weak embeddings of Γ inside the lattice (see Sec. 3.2) and X c Γ is the cumulant of the graph's contribution. For the quantity we calculate, the empty graph and the single vertex graph (with 0 edges) together only contribute a constant summand of 1 with the chosen normalization. The cumulant contribution of a connected graph Γ is obtained by subtracting off the cumulant contribution of all its connected subgraphs,
Due to the subtractions, X c Γ is the contribution to X Γ , which depends on every one of the b edges in Γ and thus has only terms of order b and higher in the expansion variable. This property allows us to stop the expansion at a certain size of graphs, with a series which is correct to the obtained order, and is in contrast to the original X Γ , which can contribute to any power.
We often use the term bond instead of edge and likewise site instead of vertex since we deal with a physical model on a lattice, and will eventually embed the graph inside it. The physical model is also the reason we do not address digraphs or graphs with loops. Here the term loop, as commonly used in graph-theory, denotes an edge whose both ends are incident on the same vertex. This must be distinguished from a cycle (closed path) in the graph, which is important to us.
Our model involves only nearest-neighbor interactions, visualized by occupied lattice bonds. Since a graph Γ on the lattice is completely isolated from the rest of the infinite lattice by unoccupied bonds, the thermodynamics of its spins is determined by the reduced N Γ -particle Hamiltonian for the graph
Cumulant Subtraction
Equation (25) contains the sum over connected subgraphs. In the following we have written out the cumulants for the smallest graphs, with explicit numerical coefficients and graph indices, because we will need them in the example later. For these small graphs, the expressions can easily be confirmed by visual inspection using Fig. 2 . These cumulants are given by
The Lattice Constants for Weak Embeddings
In (24), the cumulant contribution of each graph is multiplied by its lattice constant w(Γ). This constant is the number of distinct ways per lattice-site in which the graph can be weakly embedded in a particular lattice, and thus it ties our series to that specific lattice. In this article we address the d-dimensional hyper-cubic lattice, which, as the term suggests, is a generalization of the square lattice (d = 2) and the cubic lattice (d = 3). We use the tabulated functions w Γ (d) from [22] . To calculate our example later on, we need the lattice constants of the first graphs:
(28)
General Calculation and Simplifications for the Ising Spin Glass
The Boltzmann factor e −βH can be rewritten in a way that makes the calculation of the trace more convenient. With the notations λ = βh 0 , τ = tanh λ, K ij = cosh κ ij and k ij = tanh κ ij we obtain:
Now we exploit the fact that the only possible values of s i are ±1, together with the symmetry of cosh and anti-symmetry of sinh:
We address the case without external magnetic field, h 0 = 0, and call
the reduced partition function and sometimes use the notation Z R (Γ n ) = Z Γn . For the case of zero external magnetic field h 0 = 0 we end up with the important (for our coming calculations) equation
Often A will be a linear combination of s m s n . We will then see the terms
Graph-Expansion for the Edwards-Anderson Susceptibility
For the graph expansion of the Edwards-Anderson susceptibility (3) we apply the general formula (24) .
The calculation is done to order n in x = κ 2 . With this expansion variable all the dependence on the coupling strength parameter J and the temperature T are absorbed in the argument of the power series. We obtain
and also denote the associated (non-cumulant) observable on only one (sub)graph as
Explicit Calculation for the Smallest Graphs
We now show explicitly the calculation of χ EA for the smallest graphs in Fig. 2 , using the equations from the previous section. Here we often use k n ij R = m n following definition (15).
• For Γ 0 , we have
For any spin, the self-correlation trivially equals 1.
• For Γ 1 ,
The denominator of s 1 s 2 T is
and the numerator is
Thus,
where we used the definition of the tangential moment m 2 .
• For Γ 2 ,
The denominator of each correlation is
Tr
The numerator is
and likewise
The configurational average gives
= m 2 and (47)
where in the last step we used the fact that the random variables k ij for different bonds are uncorrelated. Finally, 
has to choose from each pair of ij (and for any resulting summand) either the constant 1 or the bond factor k ij . To find the terms that will actually survive the trace, the s i s j site-factors accompanying any bond have to be combined with other sites, either from another bond in the graph or from terms originally present inside the trace.
For any acyclic graph, which we have seen so far, we immediately see that the reduced partition function is always equal to 1; no bond can be combined with others to eliminate all unpaired sites. Also the numerator for pair correlations remains simple. Visually only a path of bonds joining the two sites in question yields factors of only paired spins, which survive the trace. Each such bond contributes a factor of m 2 . A constant multiplier results from the number of ways the pair of sites (and equivalent pairs) can be joined. For cyclic graphs the calculation becomes much more complicated. In passing please note that one of the inherent features of spin glasses is frustration. Only a cyclic graph is susceptible to this phenomenon and as such can possibly integrate true SG-properties into our series.
• For Γ 3 ,
(50)
• For Γ 5 ,
Here we used the equivalence of pairs of sites, in terms of adjacencies, to reduce the number of terms to 3. We defer calculation of the result till later.
• For Γ 6 ,
• For Γ 8 ,
We now resume the calculation of χ EA (Γ 5 ) from (52) which, due to the graph's cycle, is significantly more complicated than the contribution of the other graphs. The complexity enters through the nontrivial partition function
The numerators for the spin correlations are
The complicated part is now performing the averaging over the randomness for
and
In fact, for most probability distributions we do not know to calculate this directly. For the bimodal distribution it is possible, and was in fact done also for much larger graphs with a computer [8] . For continuous distributions the calculation would at best become extremely tedious and most likely not feasible for large graphs. Our solution again utilizes a power expansion. By this we do not lose any more information since our final series are limited to a certain order in the expansion variable anyway.
To make the expansion process more obvious we rewrite the equations with the symbols u ij = k ij /k such that k ij = k u ij and
and expand the squares in powers of k: 
With the fractions removed, we can again factorize for averages over independent variables, and thus use the previously defined moments of the random distributions:
Here we expanded to a higher power than actually necessary for the largest graph that we consider in this example. It shows that higher moments actually show up. We first encountered m 3 = 0 and
For the bimodal distribution we can quickly use the simple form of the moments m 2 = w and m 4 = w 2 , and obtain
and thus
For the general distribution we remain with
on which we elaborate further.
Performing Cumulant Subtraction
In this section we perform the cumulant subtraction for the quantity χ EA , which we calculated in the previous section. The general equations were given in Sec. 3.1 and in the following we show the cumulant graph contributions first in terms of the tangential moments and also for the case of the bimodal distribution using w as the expansion variable, thus substituting m 2 = w and m 4 = w 2 . Indeed we see that no graph contributes to a power of w less than its number of bonds. This fact is used in the computerized calculation as an internal check.
In 
Using the Lattice Constants
Using (24) together with the lattice constants of the smallest graphs, as given in Sec. 3.2, we can now perform the final summation and obtain the series. For the Gaussian distribution, we find
For the bimodal distribution one has
or, expanded in w,
6 The Full Series
The series for the d-dimensional hyper-cubic lattice to order 13 need to take into account 20724 graphs of up to 13 edges, and are hence calculated using computers. We use the graph data files that were originally prepared for [22] by Wan et al., and have since been used in many studies. Programs were written, that use these data files to compute the series as outlined in the previous sections. Details of the algorithms, including important efficiency considerations, are presented in [23] . Tables 1 to 4 show the resulting series in full. In Tab. 1, for the bimodal distribution, the coefficients are given as exact fractions. For the other distributions they were in part calculated using the data type long double in C++ which limits their accuracy. For comparison we used two different processor architectures where this data type is represented in either 96 or 128 bits, and also compared part of the data with calculations done in double precision (64 bits). Small rounding errors are obvious in most numbers, but further investigation shows, that for coefficients large in absolute value, the numerical accuracies become important. Originally we had included in this work the exponential random distribution which is also addressed in [15] . This distribution decays slower than the others and the resulting coefficients become very large in absolute value, to a degree that intermediate numbers either can not be presented in long double variables or the rounding errors become so dominant that the highest order coefficients come out completely wrong. We have started to calculate the series using arbitrary-precision numerical libraries, but that work was not ready in time to be included here. We exclude the exponential distribution from the present work, and for the remaining series present the coefficients in as many digits as we expect to be correct from the comparisons mentioned above.
From experience we know that small changes in the coefficients do not influence the results obtained from series analysis. Hence the numerical inaccuracies present in the power series should not influence our final results. For the bimodal distribution we supplement coefficients for orders x 14 and x 15 , which were calculated using the non-free-end (NFE) technique and associated graph data. In this technique by Harris [24] the thermodynamic functions under study are renormalized in such a way that the contribution from a graph with at least one free end (i.e. a vertex with only one incident edge) vanishes. This renormalization is possible for the bimodal distribution [8] but was not obtained for the others. We use equations from [8] for the NFE-expansion in w, but do not describe the process here since the series can also be obtained directly by variable transformation from w to x, which indeed we use as a consistency check.
Several checks are performed to assure the correctness of our series expansions: The first is a complete recalculation of the corresponding series in [8] for the bimodal distribution, which shows that the algorithm and its implementation are basically correct.
We mentioned earlier that after cumulant subtraction, a graph of b edges has only terms of order b and higher in the expansion variable. As an additional check we do the actual calculation of the vanishing terms, track the maximal deviation from zero, and confirm that this number is in the same range as the numerical rounding errors observed elsewhere.
For a few sequences of coefficients we find, by examination of the numerical values, what their exact value must be in general. If we denote by a ij the coefficient multiplying x i d j we observe:
• For the bimodal distribution a ii = 2 i and a i,(i−1) = −(5/6) 2 i (i − 1).
• For the Gaussian distribution a ii = 2 i and a i,(i−1) = −(3/2) 2 i (i − 1).
• For the uniform distribution a ii = (2/3) i and a i,(i−1) = −(11/10) (2/3) i (i − 1).
• For the double-triangular distribution a ii = 1 and a i,(i−1) = −(17/18) (i − 1).
Obviously this is no rigorous check from first principles, but if we believe in the regularity and that we can at least calculate the first few orders correctly, it adds confidence that no mistake was done at higher orders and that the numerical errors are not exceedingly large. A more comprehensive check for numerical rounding errors was already mentioned above in this section. 
Analysis of the Series
Our analysis uses the Dlog-Padé method [25] and the methods M1 and M2 [26, 27] . Each of these is combined with Euler-transformations for improved results. For each series, our main goal is to obtain the critical value x c and the critical exponent γ which describe the power law divergence, as in
The series analysis is done for a fixed dimension at a time. We present our results for dimensions 7 and 8 above the upper critical dimension and for 5 and 4 below it. We also attempted an analysis in the physical dimension 3 but the results are not conclusive.
At the upper critical dimension d c = 6 the corrections to scaling become logarithmic and there one expects the general form
Instead of M1 and M2, one can apply a modified method to take such corrections into account. This was pursued in [8] , for the Bimodal distribution, but the authors reported poor convergence already for that case. Given that our series for the other distributions are more problematic, we did not attempt a detailed analysis in d = 6.
It is generally observed in series analysis, that for a given order of expansion, a series behaves better, the higher the dimension. That is also the case in the study at hand. Qualitatively it is understood by the fast increase of the embedding constants with increasing dimension. Thus a much larger number of lattice configurations contributes to the higher dimensional series, allowing it to capture more of the underlying Physics. Table 4 : Series for the Double-Triangular distribution on the d-dimensional hyper-cubic lattice and for
Terms of the series. χ EA = 1 + . . .
Dlog-Padé Analysis
The Dlog-Padé method is one of the most common methods for the asymptotic analysis of power series.
One calculates Padé approximants to the logarithmic derivative of the series and obtains estimates for the critical value x c of the expansion variable x (the threshold) and for the critical exponent γ from their real first order poles and the corresponding residues. We also refer to the pole-residue pairs as data-points since we often plot them in diagrams of residues versus poles.
Many series point to singularities other than those representing the physical critical point. They are observed in the Dlog-Padé analysis of the original series and, depending on their strength and location in the complex plane, hamper convergence of the data points. This effect appears to be strongest when an extra singularity is on the negative real axis closer to the origin than the physical one. Application of an Euler-transformation into the new variable z = x n x/(x n − x), with x n at or close to the disturbing singularity, usually improves the behavior of the transformed series.
For some series, in particular those in higher dimension, we obtain satisfactory results in this manner. Data points in the pole-residue plots are high in number and well concentrated along a distinct line for each series, examples of which follow below. But for other series, the Dlog-Padé method, even in combination with an Euler-transformation, is insufficient for a quantitative analysis.
So our strategy is in general to use the Dlog-Padé method only to get rough estimates for the critical parameters, as a starting point for a detailed analysis with M1 and M2, and to assess the general behavior of the series from the number of pole-residue pairs which are obtained.
Estimation of x c and the Critical Exponents Using M1 and M2
The analysis algorithms M1 and M2 allow the accurate simultaneous determination of the threshold x c , the leading critical exponent γ, and the confluent correction to scaling exponent ∆ 1 , assuming the asymptotic form
In M1, one studies the logarithmic derivative of
which has a pole at x c with residue −γ + ∆ 1 . For a given trial value of x c one obtains graphs of ∆ 1 versus γ for all Padé approximants of F , and chooses the triplet x c , γ, ∆ 1 for which best convergence of the different approximants results [27] .
In the M2 method one first transforms the series in x into series in the variable y = 1
and then takes Padé approximants to
which should converge to −γ. Here one plots graphs of γ versus the input ∆ 1 for different trial values of x c and again chooses the triplet x c , γ, ∆ 1 with the best convergence of all Padé approximants. For both methods it is advisable to perform first the usual Dlog-Padé analysis, to get rough estimates of x c and γ which one uses as starting points for the detailed analysis with M1 and M2. The effectiveness and preciseness of these series analysis methods has been demonstrated in several papers [26, [28] [29] [30] .
In M1 we vary the trial-x c until the curves from the high order Padé approximants enter fairly symmetrically from both sides and the best convergence is obtained. This x c and the corresponding γ are taken as the temporary best estimates for that series, with temporary error estimates from the nearest trial-x c 's, whose plots show poorer convergence. In many cases M1 proves to be quite sensitive to small changes in the trial-x c , and the degree of convergence usually looks very convincing. Away from the best x c , convergence degrades quickly, the picture becomes non-symmetric and at the same time the area of convergence shifts to lower or higher values of γ. We show examples of such plots in Sec. 7.4. In M2 we vary x c and look for best convergence of the Padé approximant curves while they cross each other with a small negative slope. Compared to M1, the M2-plots are often much less decisive. A good convergence region sustains over a wider range, where again the change in x c is accompanied by a shift in the corresponding γ.
In the end we determine an overall estimate for x c , which is consistent with the estimates from both M1 and M2. These numerical results are presented in the tables of Sec. 7.4. In the tables we also include rough estimates for ∆ 1 . We comment that the Euler transformation is known to produce analytic correction terms even if not present originally. When the leading correction exponent is larger than 1, as seems to be the case for some of our series, these 'artificial' corrections will show up in M1
and M2 [31] , and hence our ∆ 1 estimates are mainly included for reference and should not be trusted as the real physical values.
Sensitivity to the Parameter of the Euler Transformation
Our analysis relies in a large part on the use of Euler transformations to increase the number of useful Padé approximants and to improve their convergence. The technique is well established and has been used with success [32] , but nevertheless we find it worthwhile to check, to what degree our results are sensitive to the precise choice of the parameter x n , the value of x that is mapped to infinity by the transformation. We first choose x n very close to the negative singularity, as indicated by the Dlog-Padé analysis of the original series. We then vary this x n over a considerable range of typically 20%, and compare the results. We observe that a variation of x n does move the data points or curves obtained from individual Padé approximants, but that the average (in Dlog-Padé plots) and the convergence region (in M1 plots) stay fixed to a very good accuracy, when compared to the error bounds given by the analysis technique itself. We thus exclude that our results are artifacts of the applied Euler transformations.
Explicit Results from the Analysis
The numerical results for dimension 8 are summarized in Tab. 5. In this dimension, even without an
Euler transformation, the Dlog-Padé analysis gives convincing results for all the distributions: Bimodal, double-triangular, uniform and Gaussian.
During the analysis we prepared a large number of plots of which we can only present a few to illustrate the process. The distribution of the pole-estimates indicates a negative real pole for the asymptotic function, somewhat weaker than the positive one (e.g. Fig. 3 ). Both poles are at the same distance from the origin. The convergence of pole-residue pairs improves upon Euler transformation.
The numerical results for the critical exponents are calculated as averages over estimates from high-order Padé approximants. These include data from the untransformed series and from the series transformed with three different values of x n . In the tables these are the entries without an estimate for ∆ 1 . All values are slightly larger than the mean field value of γ = 1 (Fig. 4) . This deviation is understood on theoretical grounds as being due to corrections to the leading singular behavior. Also the data indicate that the exponent estimate may further approach 1 for longer series, since generally residues decrease in value as the approximant-order increases while remaining greater than one (Fig. 5) .
When taking into account the correction exponent with M1/M2 the deviation also decreases. The results from M1 and M2 are shown in the table separately for different values of x n , and generally show very good agreement. We observe the possibility of a systematic shift to γ = 1.060(12) in case one chooses a different region of best convergence. The values for ∆ 1 are included for reference only, due to the reason mentioned before. Although the absolute value of the exponent-estimate is larger than 1, we find numerical agreement of the results for all the tested distributions. The qualitative behavior in dimension 7 agrees with that for d = 8, although the exponent estimates are slightly farther away from 1 (see Tab. 6). The critical threshold x c for each series is larger than in dimension 8. Again we observe a negative pole of comparable strength and distance from the In dimension 5 the negative pole is closer to the origin than the positive one, and convergence degrades. Still the data points line up properly. To improve their convergence and to get higher numerical accuracy we apply Euler transformations with several x n (e.g. Fig. 7 ) and the final estimates (Tab. 7) are obtained the same way as described before. Looking at Fig. 8 , the main line of data-points for the Gaussian distribution still increases with the order of the Padé approximants. Therefore, the value measured by this method is probably smaller than what a longer series would show. In summary, all studied distributions agree at d = 5 on a common exponent within their error margins.
In Figures 9 to 10 we show, for the case of the Gaussian distribution, plots as they are typically obtained from M1. Each curve in a plot comes from a different Padé approximant as the legend shows.
In all figures we clearly see a region where the lines converge, and since all figures show the same range better for x = 0.179 (in fact best among our trial values). At this value of x the shape of the curves is also symmetric and they switch over to one side for larger x (the opposite side, when compared to the smaller x) which we find to be a characteristic feature of the point of best convergence. Figure 10 shows the corresponding plot for the untransformed series. Here x = 0.179 is also near the characteristic point of symmetric curves. Still convergence is not as good as in Fig. 9 (b) and the center is shifted to a slightly larger value of γ. The example, although not the most common case, also illustrates that one must not rely on analysis with either M1 or M2 alone. While M1 gives an estimate of γ = 2 or higher, M2 (Fig. 11) points to a lower value of roughly 1.82 and ∆ 1 above 1, or γ ≈ 1.95 with ∆ 1 below 1 and poorer convergence. Our estimates in the tables always result from using M1 together with M2. As we decrease the dimension further to d = 4, the analysis becomes increasingly difficult. One Averaging over the points inside the small box leads to an estimante of γ = 1.68 ± 0.08, which enters reason is the negative pole on the real axis, which is very strong and apparent for all the series.
Without an Euler transformation, the Dlog-Padé analysis does not show anything conclusive. For the transformed series, a larger number of data points lines up well in the pole-residue plots, but they are still not well converged. The series for the Gaussian distribution is somewhat exceptional here:
Exponent estimates converge well with increasing approximant-order, but they approach a value of γ = 3.1 ± 0.1 which is much higher than what we obtain in the other cases and with the other methods.
If this is not simply an artifact of the transformation, it must be attributable to the correction-term to scaling, which becomes increasingly important at lower dimension.
With M1/M2 applied to the transformed series we are able to obtain estimates for x c and γ, although the error margins are quite large. Indeed, the value we obtain for the correction exponent ∆ 1 is much larger than 1 (and larger than in the higher dimensions). Again we find that our numbers agree with a common exponent γ for all the distribution functions. The error bars for dimensions 7 and 8 are too small to be visible in the plot. We observe once more that in these dimensions the estimates are close to, but still larger than the expected mean-field value of 1. As we argued, the deviation is likely caused by correction to scaling terms and the fact that we work with relatively short series. Our Dlog-Padé analysis suggests smaller estimates with longer series, and when accounting for the first correction term using the methods M1 and M2 the deviation indeed decreases, but higher order corrections cannot be excluded. The larger deviation for d = 7 is consistent with the observation that the correction terms are more dominant in lower dimensions.
Conclusions
As expected, the estimates we obtain for dimensions 4 and 5 are pronouncedly different from the mean field value. Within each dimension the estimates agree on a common value for all the random distributions we study, which is roughly γ = 2.4 ± 0.2 in d = 4 and γ = 1.8 ± 0.2 in d = 5. Thus our data do not indicate that the random distribution for the quenched-in disorder splits the spin glass model into many universality classes nor that the model behaves in that respect differently than other have values for γ, so we currently lack a third exponent, such as ν, for a direct comparison. However, the discrepancy in the general universal vs. non-universal behavior remains.
Some authors [34] [35] [36] have stressed the importance of corrections to finite size scaling (FSS). In taking these into account, they do not find violated universality. We cannot assess the quality of the simulations that were done by Bernardi, Campbell [14] [15] [16] 19] and others, but, from the data in the papers and later citations, we are led to speculate that neglected corrections to FSS have caused systematic errors in the exponent estimates from simulations. We would further like to stress the general statement made by other authors, that the characteristic features of the spin glass with its quenched-in disorder creates enormous problems for simulations. Series expansion techniques appear here particularly suitable since the configurational average over the randomness is handled exactly within their framework and own limitations. 
